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gebf ldet  w a r e n  ausschl iessl ich (100)-Fl~chen (B1/~ttchen- 
ebene)  u n d  (011)-F1/~chen. 

Die  E l e m e n t a r z e l l e  bes i tz t  die  A b m e s s u n g e n :  

a 0 = 16,45 _+ 0,02, b 0 = 9,93 + 0,035, e 0 = 9,49 _+ 0,02 A;  
f l=107,9_+0,2  °; a = y = 9 0  ° . 

N i m m t  m a n  an,  dass 2 Molekfile in de r  Zelle e n t h a l t e n  
sind,  e rg ib t  eine B e r e c t m u n g  der  D i c h t e  1,163 g .cm.  -a. 

Gemessen:  1,16~ g .cm.  -a. 
E i n  A u s s c h n i t t  aus  d e m  rez ip roken  Gi t t e r  w u r d e  in 

g le icher  Weise  wie bei  de r  m o n o m e r e n  V e r b i n d u n g  ge- 
wonnen .  Es  w u r d e  urn  die ausgeze ichne te  Achse  (b-Achse) 
g e d r e h t  u n d  pr~zessier t .  A l lgemeine  Aus lSschungen  (hkl) 
t r a t e n  n i c h t  auf.  Die  f eh l enden  Ref lexe  hO1 m i t  l = 2n + 1 

u n d  0k0 m i t  k = 2n + 1 weisen  de r  V e r b i n d u n g  die  R a u m -  
g r u p p e  P21/c zu. 
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T h e  wr i t e r  has  shown  (Crulckshank,  1956a) h o w  molec-  
u l a r  angu l a r  osci l la t ions can  cause  t he  m a x i m u m  of an  
a t o m i c  p e a k  in t he  e lec t ron  dens i t y  to  be  d i sp laced  
t o w a r d s  t h e  cen t r e  of ro t a t ion .  T h e  shif t  was  t a k e n  to  
be  in a r ad ia l  d i r ec t ion  a n d  was  ca l cu l a t ed  as 

/1 = ½r 1 +s2/q ---------~ + 1 ' (1)  

w h e r e  r is t h e  d i s t ance  f rom the  cen t r e  of m o l e c u l a r  
osci l lat ion,  s 2 a n d  t ~ a re  t h e  m e a n  squa re  a m p l i t u d e s  of 
osci l la t ion of t h e  a t o m  in t he  ro t a t i ons  a b o u t  t he  two  
pr inc ipa l  axes  p e r p e n d i c u l a r  to  t he  rad ius  a n d  q~ is t he  
G a u s s i a n - b r e a d t h  p a r a m e t e r  for  t he  p e a k  before  t he  
ro t a t i ona l  osci l la t ions are  cons idered .  T h e  p rev ious  
d e r i v a t i o n  a s s u m e d  t h a t  on ly  angu l a r  osci l la t ions a b o u t  
axes  p e r p e n d i c u l a r  to  t h e  r ad ius  were  r e l evan t ,  s ince 
t he  a t o m  is n o t  m o v e d  b y  an  osci l la t ion a b o u t  th is  rad ius .  
This  a s s u m p t i o n  is c lear ly  w r o n g  in genera l .  F o r  if t h e r e  
is an  a t o m  a t  (x, y, 0) a n d  all  t he  e l emen t s  of t he  w~j 
a n g u l a r  osci l la t ion t enso r  (Cru ickshank ,  1956b) are  zero 
excep t  wn,  t h e  shif t  will  obv ious ly  be  t o w a r d s  t h e  x-axis 
a n d  n o t  t o w a r d s  t h e  origin,  so t h a t  t h e  m a x i m u m  will  
a p p e a r  a t  (x, y - A ' ,  0) a n d  n o t  a t  {x(1 -A/r) ,  y ( 1 - A / r ) ,  0}. 
E q u a t i o n  (1) e v i d e n t l y  gives t he  to t a l  shif t  on ly  w h e n  a 
p r inc ipa l  axis  of ~oil coincides  w i t h  t he  rad ius  to  t h e  a t o m .  

T h e  p rev ious  f o r m u l a  was  de r i ved  b y  f ind ing  t h e  
m a x i m u m  of t h e  e lec t ron  d e n s i t y  a long  the  rad ius ,  
T h e  genera l  p r o b l e m  is m o r e  diff icul t  s ince t h e  d i rec t ion  
of t he  shif t  is u n k n o w n .  A n  a p p r o x i m a t e  f o r m u l a  is 
de r i ved  be low f rom a cen t r e -o f -g rav i ty  app roach .  

L e t  r = (x, y, z) be  t he  equ i l ib r ium pos i t ion  of a n  a t o m  
a n d  ¢ = ( ~ ,  ~ ,  ¢3) be  an  a r b i t r a r y  smal l  r o t a t i o n  of t he  
molecule .  T h e n  t h e  c o m b i n e d  effect  of ro t a t i ons  b y  
? a n d  - ~  wil l  be  to p r o d u c e  a w e i g h t e d  c o n t r i b u t i o n  
to  t he  t o t a l  e l ec t ron  dens i t y  whose  m a x i m u m  will  lie 
on t h e  n o r m a l  

a = - r + ( r .  ¢ / ~ ) ¢  (2)  

f rom the  a t o m  to  t he  axis  of osci l la t ion a n d  w h i c h  wil l  

be  d i sp laced  f rom t h e  equ i l ib r ium posi t ion  b y  the  smal l  
a m o u n t  ½a9% T h e  x c o m p o n e n t  of th is  d i s p l a c e m e n t  is 

Ax(,)  = --½x(~2 ~ + 932) + ½Y~1~3 +½z~1~2 • (3) 

I t  is shown  in t he  A p p e n d i x  t h a t  t h e  w e i g h t  to  be  as- 
soc ia ted  w i th  t h e  c o n t r i b u t i o n  a t  th is  po in t  is approx-  
i m a t e l y  .P(9)D(aq~), w h e r e  P ( ? )  is t he  p r o b a b i l i t y  of an  
osci l la t ion ~ a n d  D(acp) is t h e  dens i t y  of t h e  or iginal  
Gauss ian  p e a k  a t  a d i s t ance  a~ f rom its cen t re .  T h e  va lues  
of P(~)  a n d  D(acp) are  p ropo r t i ona l  to 

P (9)  = exp ( - ½XXw-lij q~i 9J), (4) 
a n d  

D(ag) = exp ( - ½a292/q2), (5) 

w h e r e  w-l~j is an  e l e m e n t  of t he  m a t r i x  inverse  to  wij, 
de f ined  w i t h  respec t  to  the  a r b i t r a r y  x, y, z axes,  a n d  t h e  
s u m m a t i o n s  are  for  i, j = 1, 2, 3. 

Thus  t he  x c o m p o n e n t  of t he  n e t  shift  due  to t he  w h o l e  
angu l a r  osci l la t ion specified b y  wij is 

Sx = l Ax(c~)P(~)D(aq~)dcp / I  P(~)D(aqg)d~. (6) 

Us ing  (2) we can  wr i t e  

P(v~)D(aq~) = exp ( - ½XXA~icpiq~l) , (7) 
whe re  

A n  =(y2 +z2)/q9 ~_ (D--ln , } 
Ale = - xy /q  ~ + eo-112, etc.  , (8) 

Since Ax(¢) is g iven  b y  (3), we  need  the  resu l t  t h a t  

I ~ j  exp (-½EZAijq~iq~)d? 

=A-~ i  I exp ( - ½ E  EAijqDiq~i)d¢ , (9) 

w h e r e  A - l t j  is an  e l e m e n t  of t h e  m a t r i x  inverse  to  Aii. 
B y  c o m b i n i n g  (3), (7) a n d  (9) w i t h  (6) t h e  n e t  shif t  of 
t h e  e l ec t ron-dens i ty  m a x i m u m  can  be  found .  R e v e r s i n g  
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the  sign, the desired coordinate  corrections for a peak 
observed a t  (x, y, z) prove to be 

- ez = ½{x(A-122 + A- l , , )  _ y A - 1 2  _ zA-*~,  }, 

- - e y  =½{Y(A-~, ,  + A - ~ )  - z A - ~ 2 ~  - x A - ~ l ~ }  , (10) 

- ez = ½{z ( A - ~ ,  + A-~22) - x A - ~ ,  - yA-~2,  }" 

We m a y  check t ha t  these corrections agree wi th  the  
previous formula  (1) if one of the  principal  axes of w~ I 
coincides wi th  the radius.  For  an a tom at  (r, 0, 0) and 
if w~2 =~2~ =w~3 =0 ,  the non-zero e lements  of A~ t are 

A n  = 1 /o~ ,  A2~ = (r2/q~ + 1/o~22), A,~ = (r2/q~ + 1/o~)  . 

The corrections then  ,reduce to - e y  = - e z  = 0  and 

- e x  = ½ { r ( A - ~ 2 2  + A - t 3 3 ) } ,  

which yields (1) immedia te ly  since s 2 = w22 r2 and  t ~ = w33 r2. 
For  the problem in which m~ is large and  all o ther  

e lements  of w~ 1 are negligible and  the a tom is a t  (x, y, 0), 
the  only appreciable e lement  of A-~1 is 

A-111 = w~q2/(w~y2 + q2) . 

The corrections then  reduce to - e x  = - e z  = 0  and  

- -  ey = -- ½YWllq2/ ( o)~y ~ + q~) 

8 2 

where s ~ = w ~ y  2. This agrees with the  intel l igent  applica- 
t ion of (1), when  the shift is t aken  normal  to the  axis 
of oscillation ra the r  t han  towards  the  molecular  centre.  

The result  for one other  special case, which m a y  be 
useful for p lanar  molecules,  is wor th  quoting.  For  an 
a tom at  (x, y, 0) and when o)12=w~Z=wlZ=0, the x 
correct ion is 

-e~= ½ ~2 + ~ o ~ , ~ y 2 /  + ~  1 +(~2)/~2/~ , 

where r 2 = x  2 +y2. The first t e rm differs from tha t  sug- 
gested by (1) by  the  addi t ion  of o ~ y  2 in the  denomina tor ;  
the  second t e rm is t ha t  expected for the x componen t  of 
the  radial  shift due to o)33. The y shift is similar and  the  
z shift is zero. 

Any  calculations which m a y  have  been done wi th  
equat ion  (1) will be appreciably in error  only if the o)~ 1 
tensor  is decidedly  anisotropic and  then  only for those 
a toms whose radii  are no t  roughly normal  to the  axis 
of m a x i m u m  oscillation. The results for benzene (Cox, 
Cruickshank & Smith,  1958), naphtha lene ,  an th racene  
(Cruickshank & Sparks, 1960) and  fl-succinic acid 
(Broadley et al., 1959) are ei ther  exact ly  as given pre- 
viously or are a l tered only negligibly. E v e n  in chrysene 
(Burns & Iball,  1960), where  the two angular  oscillations 
of 17 and 6 deg. 2 in the  plane of the  molecule are ra the r  
different,  the  m a x i m u m  coordinate  change is only 0.003 
A; the major i ty  are less t han  0.001 A. The changes are 
more impor tan t  in 1 ,2-diphenyl te t raf luoroethane (Cruick- 
shank,  Jeff rey & Nyburg ,  1959), which is a non-planar  

molecule and whose principal  w~i of 47.2 and 4 deg. ~- 
are marked ly  anisotropic.  The rota t ional  corrections for 
the bonds C4-C 5 and  C5-C 6 change from 0.001 to 0.007 A. 
The revised bond lengths are C~'-C 1 1.539/~ (unchanged),  
C-F  1.359, 1.382 A (each reduced by 0.003 A) and mean  
ring C-C 1.394 A (an increase of 0.004 A). 

A p p e n d i x  

The various + ~ produce a series of peaks whose m a x i m a  
are all only a small dis tance from the equil ibrium posi- 
tion. A simple parabolic expansion of each peak  shows 
t ha t  the correct  weights  to be assigned to any  such 
series of ad jacen t  maxima ,  to give the  posit ion of the 
m a x i m u m  of the to ta l  densi ty  along a given line, are 
proport ional  to P ( ~ ) S ( 9  ), where  P(~) is the  probabi l i ty  
of the displacements  + ~ and  S(¢p) is the  second der ivat ive  
along the given line of the combined + 9 peak.  

Along the  radial  line th rough  the  equi l ibr ium position, 
the densi ty  from the + ~ peak  is Gaussian, so t ha t  along 
this line and near  the  m a x i m u m  S(~) is proport ional  to 
D(a~o)/q e to the  required order  of magni tude ,  where  
D(aq)) is the  densi ty  of the  original Gaussian peak  a t  a 
distance aq9 from its centre  and  q2 is its b read th  param-  
eter.  In  any  other  direct ion perpendicular  to a par t icu lar  
v ibra t ional  movemen t ,  S(~) has the  same value,  which 
is therefore appropr ia te  when  there  is only one non-zero 
principal  value of o~j and the shift is towards  its axis. 
The value P(~)D(aq)) is also correct  for any  direct ion 
wi th in  the plane when  there  are only two non-zero 
principal  values of eo~ t and  the a tom is coplanar  wi th  
their  axes. I n  more  general  cases, wi th  three  non-zero 
principal  values and when the  shift is no t  along the radius,  
the value of S(~) will be approximate ly  proport ional  to 
D(aq))/q '2 where  q,2 =q2+(a~)2 cos2a and a is the  angle 
be tween  the direction of net  shift and the mot ion  in the 
oscillation + ~. 

I t  seems a sufficient approximat ion  to take  the  value 
S(~) =D(aq~)/q 2 in all cases because (a) the  direct ion of 
the ne t  shift is general ly  u n k n o w n  in advance,  (b) it  is 
correct  for the  two ex t reme eases of an  exact ly  radial  
shift and of a shift towards  the axis of the single non-zero 
value of coij, and  (c) (a~o) 2 is usual ly smaller than  q% 
Since the q2 factor  is common to all ~, we take  the  
weight  to be associated with  each peak a t  ½a~ 2 as 
P(~)D(aq)). 
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